
MTH 419 8. Direct products

Definition 8.1

The direct product of groups G1, . . . , Gn is a group G1 × G2 × . . . × Gn defined 
as follows:

• Elements: n-tuples (g1, g2, . . . , gn) where gi ∈ Gi.
• Group operation:

(g1, g2, . . . , gn) · (h1, h2, . . . , hn) = (g1h1, g2h2, . . . , gnhn)
• The identity element: (e1, e2, . . . , en) where ei is the identity element in Gi.
• Inverses: (g1, g2, . . . , gn)−1 = (g−11 , g−12 , . . . , g−1

n ).
Note. We have:

|G1 × G2 × . . . × Gn| = |G1| · |G2| · . . . · |Gn|
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Theorem 8.2

The group G1 ×. . .×Gn is abelian of and only if each of the groups Gi is abelian.

Recall:

• The least common multiple of integers n1, n2, . . . , nk ≥ 1 is the smallest positive 
integer, denoted by lcm(n1, . . . , nk ), which is divisible by each of these numbers.

• If m > 0 is an integer divisible by n1, . . . , nk then m is divisible by lcm(n1, . . . , nk ).
Theorem 8.3

For i = 1, . . . , n let ai ∈ Gi, and let (a1, . . . , an) ∈ G1 × . . . × Gn. Then

|(a1, . . . , an)| = lcm(|a1|, . . . , |an|)
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