MTH 419 Homework 8

For full credit explain your reasoning, showing all relevant work.

Exercise 1. We say that an action of a group G on a set X is transitive if for any
x,y € X there is g € G such that g - x = y.

Show that if a finite group G acts transitively on a finite set X then

> _|Stab(x)| = |G|

xeX

Exercise 2. Let G be a group such that |G| = p" for some prime p and r > 1. Assume
that G acts on a set X, and that | X| = n where n is not divisible by p. Show that
there is an element xp € X such that gxg = xp for all g € G.

Exercise 3. Let G be an abelian group such that |G| = 120 and that G contains
exactly 3 elements of order 2. Find a group H of the form

HZZP? pr;zx---pr;k

where pq,..., px are (not necessarily different) prime numbers, such that G = H.
Justify your answer.
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PRACTICE PROBLEMS

Exercises below are for practice only - do not turn them in for grading.

Practice Exercise 1. Let GG be a finite group acting on a finite set X. For g € G let
Fix(g) be the set of elements of X which are fixed by g:
Fix(g) = {x € X | gx = x}

> |Fix(g)| = ) _|Stab(x)|

gel xeX

Show that

Practice Exercise 2. Let G be a finite group. Assume that |G| = 45 =5-9. The goal
of this exercise is to show that there exists a subgroup H C G such that |H| = 9.

Let X be the set of all subsets A C G such that A consist of 9 elements. The group
G acts on X as follows. If A€ X and A= {a4,az,...,a9} then for g € G we define
g-A={gay, gay, ..., gag}

a) Show that | X| (i.e. the number of elements of X) is not divisible by 3.
b) Show that there is Ap € X such that | Orb(Ap)| is not divisible by 3.
c) Show that 9 divides | Stab(A)

d) Show that if Ay = {a1,a2,..., ag} and g € Stab(Ap) then g must be of the form
a;a7" for some 1 < i < 9. This shows that | Stab(Ap)| < 9.

e) Conclude that | Stab(Ag)| = 9 and so we can take H = Stab(Ay).

, where Ag is as in part b).

Practice Exercise 3. Show that, up to isomorphism, there are two abelian groups of
order 108 that have exactly 2 elements of order 3.

Practice Exercise 4. Let p1, p2, ..., pioo be different primes. Up to isomorphism, how
many different abelian groups are there of order pi-p3-...-pl,? Justify your answer.
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	Homework 8


   𝐺 


   𝑋 


   𝑥  ,  𝑦  ∈  𝑋 


   𝑔  ∈  𝐺 


   𝑔  ⋅  𝑥  =  𝑦 


     P    𝑥  ∈  𝑋    |   Stab   (  𝑥  )  |  =  |  𝐺  | 


   |  𝐺  |  =    𝑝  𝑟  


   𝑝 


   𝑟  ≥  1 


   |  𝑋  |  =  𝑛 


   𝑛 


     𝑥  0   ∈  𝑋 


   𝑔    𝑥  0   =    𝑥  0  


   |  𝐺  |  =   120  


   2 


   𝐻 


   𝐻  =    Z    𝑝  1    𝑟  1     ×    Z    𝑝  2    𝑟  2     ×    ⋅  ⋅  ⋅   ×    Z    𝑝  𝑘    𝑟  𝑘    


     𝑝  1   ,    .  .  .   ,    𝑝  𝑘  


   𝐺       𝐻 


    Fix   (  𝑔  ) 


   𝑔 


    Fix   (  𝑔  )  =  {  𝑥  ∈  𝑋    |    𝑔  𝑥  =  𝑥  } 


     P    𝑔  ∈  𝐺    |   Fix   (  𝑔  )  |  =    P    𝑥  ∈  𝑋    |   Stab   (  𝑥  )  | 


   |  𝐺  |  =   45   =  5  ⋅  9 


   𝐻  ⊆  𝐺 


   |  𝐻  |  =  9 


   𝐴  ⊆  𝐺 


   𝐴 


   9 


   𝐴  ∈  𝑋 


   𝐴  =  {    𝑎  1   ,    𝑎  2   ,    .  .  .   ,    𝑎  9   } 


   𝑔  ⋅  𝐴  =  {  𝑔    𝑎  1   ,  𝑔    𝑎  2   ,    .  .  .   ,  𝑔    𝑎  9   } 


   |  𝑋  | 


   3 


     𝐴  0   ∈  𝑋 


   |   Orb   (    𝐴  0   )  | 


   |   Stab   (    𝐴  0   )  | 


     𝐴  0  


     𝐴  0   =  {    𝑎  1   ,    𝑎  2   ,    .  .  .   ,    𝑎  9   } 


   𝑔  ∈   Stab   (    𝐴  0   ) 


     𝑎  𝑖     𝑎  1    −  1   


   1  ≤  𝑖  ≤  9 


   |   Stab   (    𝐴  0   )  |  ≤  9 


   |   Stab   (    𝐴  0   )  |  =  9 


   𝐻  =   Stab   (    𝐴  0   ) 


     𝑝  1   ,    𝑝  2   ,    .  .  .   ,    𝑝   100   


     𝑝  1  4   ⋅    𝑝  2  4   ⋅    .  .  .   ⋅    𝑝   100   4  



