MTH 419 8. Direct products

Definition 8.1

The direct product of groups Gy, ..., G, is a group Gy x Gy x ... x G, defined
as follows:

e Elements: n-tuples (g1, g2,...,g,) where g; € G;.

e Group operation:

(g1,gz,...,gn)-(h1,h2,...,hn) = (g1h1,gzh2,...,gnhn)

e The identity element: (e, ey, ..., e,) where e; is the identity element in G;.
. —1 —1 1 -1
e Inverses: (g1,g2,..., gn)~ =1(97 .95 ..., g, )

Note. We have:

|G1 ><GzX...XGn|=|G1|-|Gzl-...-|Gn|

Example. The groups Z; @ Z3 has 6 elements:
(0,0), (0,1), (0,2), (1,0), (1.1), (1,2)

The multiplication table in Z; & Z3 is as follows:

Theorem 8.2

The group Gj x ... x G, is abelian of and only if each of the groups G; is abelian.
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which gives g;h; = h;g; for i =1, ..., n []
Recall:
e The least common multiple of integers nq,ny, ..., ng > 1 is the smallest positive
integer, denoted by lem(ny, ..., ng), which is divisible by each of these numbers.
e |[f m > 0O is an integer divisible by n1, .. ., ni then m is divisible by lem(nq, . . ., ng).
Theorem 8.3
Fori=1,..., n let a; € G;, and let (aq, ..., a,) € Gy x ... x G,. Then
(a1, ..., a,)| = lem(|aq], ..., la,|)

Example. Consider the element (1,1) € Z, x Z3 since 1 € Z, is an element of order
2,and 1 € Z3 is an element of order 3, we obtain that |(1,1)| = lem(2, 3) = 6.

Proof of Theorem 8.3. Let |(aq,...,a,)| = p and lem(|aq], ..., |a,|) = g. We have

The last equality comes from Theorem 6.3, since |a;| divides g for each i. Using
Theorem 6.3 again we obtain that p divides g. On the other hand,

(e1,....ex) =(a1,...,a,)P = (df,..., aP)
which gives e; = a? for each i. Using Theorem 6.3 one more time, we get that |a;]
divides p, and so g = lem(|aq], .. ., |a,|) divides p. As a consequence p = g. O
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