MTH 419 7. Subgroups

Definition 7.1

Let G be a group. A subset H C G is a subgroup of G if it is a group under the
operation in G.

Examples.

e 7 and QQ are subgroups of R.
e 7 is a subgroup of Q.

e Let H C 7Z be the set of all odd integers. This is not a subgroup of Z since e.q.
3,5€Hbut3+5¢ H.

e Let H C GL(2,R) be a set consisting of all invertible matrices with integer entries.
Then H is not not a subgroup of GL(2, R) since, for example,

A:[12]EH but A—1:[_2 1]95/4
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Note. If G is a group, then the largest subgroup of G is the group G itself. The
smallest subgroup of G is the group {e} consisting of the identity element of G only.

Theorem 7.2

Let G be a group. A subset H C G is a subgroup of G if and only if the following
conditions are satisfied:

1) The identity element e belongs to H.

2) Ifa,be Hthena-beH.

3) If a € Hthen o' € H.
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Exercise. The dihedral group D4 has the following multiplication table:

/ / Ry Rigo Rozo H V D D’
Roo | Roo FRigo Roro | D D H v
Rigo | Riso Rao | Ry V H D D
Roo | Roro | Roo  Rigo D DV H
H H D V D’ / Riso Roo Ry
vV 1% D’ H D Rigo |/ R>70 Ry
D D H D’ vV Ro7o Roo | Riso
D

H Roo R0 Riso !/

Find all subgroups of Dj.

Definition 7.3

The center of a group G is a set Z(G) C G consisting of elements that commute
with all elements of G:

Z(G)={ge€ G| ag=gaforall a € G}

Theorem 7.4

If G is a group then the center Z(G) of G is a subgroup of G.

Proof. 1) For the identity element e € G we have
ea =a =ae
forany a € G, so e € Z(()

2) Assume that g, h € Z(G). We will show that then gh € Z(G). Indeed, for any
element @ € G we have

a(gh) = (ag)h = (ga)h = g(ah) = g(ha) = (gh)a

3) Assume that g € Z(G). We need to show that then g=' € Z(G). Foranya € G

we have
-1 1 1

ag”'=(ga ) '=(a""g) ' =g 'a
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Exercise. Find the center of the dihedral group Dj.

Definition 7.5

Let G a group and let a € G. The centralizer of a in G is the set C(a) C G,
which consists of all elements of (G that commute with a:

C(a)={g € G| ag = ga}

Exercise. Find the centralizer of the element V in Djy.

Theorem 7.6

If G is a group and a € G then the centralizer C(a) of a in G is a subgroup of
G.

Proof. Similar as for Theorem 7.4. ]

Definition 7.7

If G is a group and S is a non-empty subset of G, then (S) denotes the smallest
subgroup of G containing all elements of S:

(S) = {a¥ o al

n

n > 1 and for each i we have g; € S and k; € Z}

We say that (S) is the subgroup of G generated by the set S.

Note. If a € G then (a) = {da* | k € Z}.

Exercise. Find the subgroup (2) in Zj.
Exercise. Find the subgroup (2) in Zg.
Exercise. Find the subgroup (V, Rigp) in Dj.

7-3



Recall:
e The order of a group G is the number of elements of G. It is denoted by |G|.

e The order of an element a of a group G is the smallest integer n > 0 such that
a” = e. It is denoted by |a|.

Theorem 7.8

Let G be a group, let @ € G and let (a) be the subgroup of G generated by a.

Then
la| = |(a)]

Proof. Assume that |a| = n. We will show that the group (a) consists of n distinct

elements: e = % a',a?,...,a""" and so |[{a)| = n.

First, notice that all these elements are different. Indeed, if 0 < kK < [ < n and
a“ =a' then 0 < [ — k < n and

This is impossible since [ — k is smaller than the order of a.

Next, we will show that (@) does not contain any elements other than a® al,..., a" .
Each element of {a) is of the form a* for some k € Z. We have k = gn + r for some
q,rEZ,O§r<n.Thenak=ar. []
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