MTH 419 21. Rings of polynomials

Definition 21.1

Let R be a commutative ring. The ring of polynomials R|x| of variable x with
coefficient in R is defined as follows.
e Elements of R[x] are expressions of the form

n
p(x) = a,x" + a”_1Xn_1 +...+a1x+ayg= Z a;x'
i=0

where n > 0.
e Addition in R[x]: if p(x) =Y 1, aix’, g(x) = Y__, bix" then

S

p(x) +q(x) = ) _(ai+ bi)x
i=0
where s = max(m, n). In this formula, if i > n then we take a; = 0 and if
i > m then we take b; = 0.

e Multiplication in R[x]: if p(x) = Y_I_gaix’, q(x) = Y_I" bix' then

where s = m + n and ¢; = agb; + a4b;—1 + ...+ a;bg

Note. Let R be a commutative ring. Any polynomial p(x) = a,x"+a,—_1x,—1+...+ao
defines a function p: R — R given by p(r) = a,r" + a,_1r"~' 4+ ... + ao. In general
it may happen that p(x), g(x) are different polynomials, but the functions p, g they
define are the same.

(x). On the

For example, take p(x) = 0 ,q(x) = x*> + x € Zy[x]. Then p(x) # g
=0 = q(0) and

other hand, consider the functions p,q: Z, — Z;. We have p(0)
p(1)=0=74q(1), sop=q.



Definition 21.2

For a polynomial p(x) = 3_, a;x' € R[x] such that p(x) # 0, the degree p(x) is
the integer n > 0 such a, # 0 and a; = 0 for all i > n. We denote deg p(x) = n.
For the zero polynomial p(x) = 0 degree is not defined.

Theorem 21.3

Let R be an integral domain and let p(x), g(x) € R[x] be non-zero polynomials.
Then

deg(p(x) - q(x)) = deg p(x) + deg g(x)

Proof. If degp(x) = n and deqg g(x) = m then p(x) = a,x" + ...+ ao p(x) = bpx" +
...+ bg for some a;, b; € R such that a, # 0, b, # 0. Then

p(x) - q(x) = apbux™" 4+ ... + agbg
Since R is an integral domain, thus a,b,, # 0, so deg(p(x) - g(x)) = m + n. []
Example. Theorem 21.3 is not true when R is not an integral domain. Take e.g.

p(x) = 2x+1, q(x) = 3x+1 € Zg[x]. Then degp(x) = p(x) = 1 and deg(p(x)-q(x)) =
deg(bx + 1) =1.

Corollary 21.4

If R is an integral domain then R[x] is also an integral domain.

Proof. If p(x), g(x) € R[x] are non-zero polynomials, then by Theorem 21.3 deg(p(x) -
g(x)) is defined, so p(x) - g(x) # 0. ]

Theorem 21.5

Let R be an integral domain. Let p(x) = a,x" + ...+ ap and be a polynomial in
R[x] such that p(x) # 0. and a, is a unit. Then for any g(x) € R[x] there exist
unique polynomials g(x), r(x) € R[x] such that

g(x) = q(x)p(x) + r(x)

where either r(x) = 0 or deg r(x) < deg p(x).
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Note. We say that g(x) is the quotient and r(x) is the reminder of the division of
g(x) by p(x).

Proof of Theorem 21.5. To show existence of g(x) and r(x), we argue by induction
with respect to degg(x). If g(x) = 0 or deg g(x) < degp(x) then we take g(x) =0
and r(x) = g(x). Next, assume that for any polynomial g’(x) of degree smaller than
m we can find g(x) and r(x) as in the theorem, and let g(x) = b,,x™ + ...+ bg be a
polynomial such that degg(x) = m > n = degp(x). Let

g(x) =bux"+ ...+ by

Using the assumption that a, is a unit in R, take the polynomial

s(x) = g(x) — (bwa, " )p(x) - x" "
We have:

s(x) =g(x

(bmay")p (X)'Xm_”
(bm )(a X" ap x4 )X

X" —i—bm 1x" )=
)= ((b a'a)X™ + (bpa la,_)x" 7 4+ . ..)
)=
1

) —

= (b

( mX +bm 1Xm 1
= (b

1L
i
m= ) = (bax™ + (bpa tap_)x™ T 4+
+...)

mX" + by _1x

= ((bm-1 — bman an_1)x""

This shows that degs(x) < m and so, by the inductive assumption, we have s(x) =

q'(x)p(x) + r'(x) for some g’(x), r'(x) € R[x] such that either r’(x) = 0 or degr'(x) <
deg p(x). This gives:

) + (bmay ' )p(x) - X"
"")p(x) + r'(x)

)x™=" and r(x) = r'(x).

)x
Thus we can take g(x) = q'(x) + (bna;,

For uniqueness, assume that g(x) = g1(x)p(x) + r1(x) and g(x) = g2(x)p(x) + r2(x) for
some p1(x), p2(x), r1(x), r2(x) € R[x]. Then
0 = (q1(x) = g2(x))p(x) + (r1(x) = r2(x))
or equivalently
(q1(x) = q2(x))p(x) = —(r1(x) = r2(x))
If g1(x) # g2(x) then degree of the left hand side is greater or equal to deg p(x),

which is greater than the degree of the right hand side. Since this is impossible, we
get g1(x) = ga(x). This implies that ri(x) = ra(x). ]
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Exercise. Let p(x) = x> + 3x 4+ 2 and g(x) = 3x* + 2x*> — x + 7 be polynomials in
Z|x]. Find the quotient and the reminder of the division of g(x) by p(x).

Exercise. Let p(x) = 4x> 4+ 3x 4+ 2 and g(x) = 3x* + 2x? + 4x + 1 be polynomials in
Zs|x]. Find the quotient and the reminder of the division of g(x) by p(x).

Definition 21.6

Let R be an integral domain and let p(x), g(x) € R[x]. We say that p(x) divides
g(x) if there is g(x) € R[x] such that g(x) = q(x)p(x).

Definition 21.7

Let R be an integral domain and let p(x) € R[x]. We say that an element a € R
is a root of p(x) if p(a) = 0.

Theorem 21.8

Let R be an integral domain and let p(x) € R[x]. An element a € R is a root of
p(x) if and only if (x — a) divides p(x).

Proof. By Theorem 21.5 we have
px) = qlx)(x — a) + r(x)
for some q(x), r(x) € R[x] where r(x) = b for some b € R. This gives:
pla) =qla)la—a)+b=b

Thus p(a) =0 if and only if b = 0. In such case p(x) = g(x)(x — a). []

Corollary 21.9

Let R be an integral domain, let p(x) € R[x] and let a4, ..., a, € R be distinct
elements of R. Then ay, ..., a, are roots of p(x) if and only if (x—aq)-...-(x—ap)
divides p(x).
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Proof. If (x —aq) - ... - (x — a,) divides p(x) then

pix) =q(x)-(x —a1)-...- (x —anp)
for some g(x) € R|x]. Then p(a;) =0fori=1,...,m, so ay,...,a, are roots of p(x).
Conversely, assume that a1, ..., a, are roots of p(x). By Theorem 21.8 we have

px) = q1(x) - (x — a1)
for some g1 € R[x]. This gives:
0 = p(az) = qi(az) - (a2 — a1)

Since a1 # a3, we have a; — a1 # 0. Thus, since R is an integral domain, we obtain
that g1(a2) = 0. Applying Theorem 21.8 to the polynomial gq(x) we obtain that

q1(x) = q2(x) - (x — a2)
for some g2(x) € R[x], and so
px) = q2(x) - (x — az) - (x — a1)
Continuing this argument inductively, we obtain that
p(x) =q(x) - (x —a1) ... (x —an)

for some g(x) € R[x] O

Corollary 21.10

If R is an integral domain and p(x) € R[x] is a non-zero polynomial, then p(x)
has at most deg p(x) distinct roots.

Proof. If a4, ..., a, are distinct roots of p(x) then by Corollary 21.9 we have
pP(x) =q(x)-(x—ai1)-...-(x—an)
Then deg p(x) = deg g(x) + m, so m < deg p(x). ]
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Corollary 21.11

Let R be an integral domain consisting of infinitely many elements. If p(x), g(x) €
R|[x] are polynomials such that p(a) = g(a) for all @ € R then p(x) = g(x).

Proof. Assume that p(a) = g(a) for all ¢ € R. Take f(x) = p(x) —g(x). Then f(a) =0
for all @ € R. Since consists of infinitely many elements, thus f(a) has infinitely
many roots. By 21.10 this is possible only if f(x) =0, i.e. p(x) = g(x). []

Recall that if R a commutative ring, then an ideal J < R is principal if / is generated
by a single element. Thank is, there is a € R such that

J={a)={ar | re R}

Definition 21.12

A ring R is a principal ideal domain (PID) if R is an integral domain and every
ideal of R is principal.

Example. Every field is a PID. Indeed, if F is a field then the only ideals of F are
{0} =(0) and F = (1).

Example. The ring of integers Z is a PID. Indeed, let J<Z. If ] = {0} then J = (0).
If / + {0}, let a be the smallest positive integer such that a € J. We will show that
J ={a). Indeed, assume that b € J. We have b = qa + r for some g, r € Z such that
0 >r<a. Since r = b —qa, thus r € J. Since a is the smallest positive element of
J, we must have r = 0. Thus b = ga, and so b € {a). This shows that J C (a). Also,
since a € J, thus (a) C J. This gives J = (a).

Example. The ring Z[x] is not a PID. Take for example the ideal (2, x) <Z]|x] generated
by the constant polynomial p(x) = 2 and the polynomial g(x) = x. Elements of (2, x)
are polynomials g(x) = a,x" + ...+ ag such that ag is an even number. The ideal
(2, x) is not principal. Indeed, assume that (2, x) = (f(x)) for some f(x) € Z[x]. Since
2 € (2, x), thus f(x) must divide 2. This means that f(x) is a constant polynomial, and
f(x) =1,=1,2 0or 2. If f(x) = £1 then (f(x)) = Z|x] # (2, x). Also, if f(x) = £2, then
(f(x)) consists of polynomials whose all coefficients are even. Thus (f(x)) # (2, x).
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If F is a field then F[x]is a PID.

Note. Theorem 21.13 can be considered as a generalization of Theorem 21.8 as
follows. For @ € F consider the homomorphism ¢: F[x] — F given by ¢(p(x)) = p(a).
Then Ker(¢p) is an ideal of F[x] consisting of polynomials g(x) such that g(a) = 0.
Theorem 21.8 says that every such polynomial is a multiple of (x — a), so Ker(¢) is a
principal ideal, Ker(¢) = ((x — a)). Now, if /<« F|x] is an arbitrary ideal, then there is
a homomorphism ¢: F[x] = S for some ring S such that / = Ker(¢). Theorem 21.13
says that Ker(¢) = (p(x)) for some p(x) € F[x].

Proof of Theorem 21.13. Let J « F[x]. If J/ = {0} then J = (0). Assume then that

J #+ {0}. Let p(x) be a non-zero polynomial of the smallest degree, such that p(x) € J.
We will show that J = (p(x)).

Let f(x) € J. We need to show that f(x) = g(x)p(x) for some g(x) € F[x]. Since F is
a field, the coefficient of the highest degree term of p(x) is a unit, so by Theorem 21.5
we have f(x) = g(x)p(x) + r(x) where either r(x) = 0 or deg r(x) < deg p(x). Assume
that r(x) # 0. Then r(x) = f(x) — g(x)p(x) € J, which is impossible, since by
assumption p(x) is a polynomial of the smallest degree in J. Thus r(x) = 0 and so
f(x) = q(x)p(x). [
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