MTH 419

16. Finite abelian groups

The main goal of this section is to prove the following fact:

Theorem 16.1

If G is a finite abelian group then G is isomorphic to a direct product of cyclic
groups whose orders are powers of primes:

G:ZPT XZpZZX"'XZka

for primes p1,..., px and integers ry, ..., re > 1 such that py' - p%-...-pif =|G]|.

Example. Take 72 = 23 .32 Theorem 16.1 says that every abelian group of order 72
is isomorphic to one of the following groups:

ZgXZg ZgXZgXZg
Z4XZ2XZQ Z4XZ2XZ3XZ3
ZzXZzXZzXZg ZzXZ2X22XZ3X23

Definition 16.2

A short exact sequence of groups is a sequence group homorphisms

K—— G- H
such that:
o (is 1-1
® g is onto
e Im(i) = Ker(q)

Example. Let K be a normal subgroup of G and let i: K — G be the inclusion

homomorphism: i(a) = a. Also, let g: G — G/K be the quotient homomorphism
g(a) = aK. This defines a short exact sequence

K -5 G- GlK
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Example. If f: G — H is homomorphism which is onto, then we have a short exact

sequence

Ker(f) - G -1 H

where i: Ker(f) — G is the inclusion homomorphism.

Example. Let G, H be groups. Definei: G - GxHbyi(g) =(g,e),andg: GxH —
H by g(g, h) = h. This defines a short exact sequence

G-S5GCxH-LH

Notice that in this case we also have a homomorphism s: H — H x G, s(h) = (e, h)
and gos = idy.

Theorem 16.3
Consider a short exact sequence
K-5G6-5LH

where K, G, H are abelian groups. Assume that there exists a homomorphism
s: H — G such that gos(h) = hforall h € H. Then G= K x H.

Note. Theorem 16.3 is not true in general for non-abelian groups. For example, in
the dihedral group D4 take the subgroup of rotations K = {/, Ry, Rig0, Ro70}. Since
K is a normal subgroup of Dy, this gives a short exact sequence

K - D, -5 Dy /K

The group D4/K consists of two cosets: /K and VK. Define s: D4/K — D4 by
s(/K) = I and s(VK) = V. One can check that this is a group homomorphism.
Moreover, g(s(/K)) = IK and g(s(VK)) = VK. However, D; is not isomorphic to
K x D4/K. Indeed, since K = Z4 and D4/K = Z5, thus K x D4/K = Z4 x Z> is an
abelian group, while Dy is non-abelian.

Proof of Theorem 16.3. Define a function f: K x H — G by f(k, h) = i(k) - s(h). We
will show that this function is an isomorphism of groups.
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First, we check that f is a homomorphism:
f((k, h)-(k',h')) = f(kk', hh')
= i(kK) - s(hh')
= i(k) - i(K') - s(h) - s(h")
(i(k) - s(h)) - (i(k") - s(h"))
= f(k, h)- f(K', )
Next, assume that (k, h) € Ker(f). Then f(k, h) = i(k) - s(h) = e. This gives:

e = q(i(k) - s(h)) = q(i(k)) - q(s(h)) = e-h=h

so e = h. Thus, e = f(k, h) = f(k,e) = i(k) - e = i(k). Since i is 1-1, we get that
k = e. Therefore the only element in Ker(f) is the identity element (e, e), which
means that f is 1-1.

It remains to show that f is onto. Take an element g € G, and let h = g(g). We have

q(gs(h)™") = q(g) - a(s(q(g™")) = qlg) -qlg™") = e
which shows that gs(h~') € Ker(g). By exactness, we have Ker(q) = Im(i), so there
is an element k € K such that i(k) = g-s(h~"). Consider the element (k, h) € K x H.

We have:
f(k,h) = i(k)-s(hy=g-s(h™")-s(h)=g

[]

Corollary 16.4

Consider a short exact sequence
K-—5G-5H

where K, G, H are abelian groups. Assume that there exists a homomorphism
s: H — G such that g o s is an isomorphism. Then G = K x H.

Proof. Define f = (gos)™"oqg: G — H. The sequence
K- G- H

is a short exact sequence. Moreover, we have fos = (gos) 'oqos =idy. Thus by
Theorem 16.3 we get G = K x H. []
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Theorem 16.5

Let G be a finite abelian group. Assume that |G| = p"m where p is a prime,
r > 1 and m is a number which is not divisible by p. Then G = K x H where
|K| = p" and |H| = m.

Lemma 16.6

Let G be a finite abelian group. Assume that there exists a prime p such that the
order of each element g € G is a power of p. For m € Z consider the function

f:G—-G

given by f(g) = g™. If m is not divisible by p then f is a group isomorphism.

Proof. By Corollary 15.8 we have |G| = p" for some r > 0. Therefore g = e for all
g e G.

Since gcd(m, p") = 1, there exist k, [ € Z such that km + [p" = 1. Define s: G —» G
by s(g) = g*. We have

k _ _km
=g

sof(g)=(g") =g " =g.g"=ge=g

so sof = idg. Similarly, f os =idg. Thus f is an isomorphism and f1=s. [

Proof of Theorem 16.5. Define
H:={ge G| |g| =p"for some i >1}

One can check that this is a subgroup of G. Notice that if g € G then ¢" € H.
Indeed, we have

(g" =g" =gl =e
so |g™| divides p". As a consequence we obtain a homomorphim g: G — H, g(g) = g".

This homomorphism is onto since, by Lemma 16.6, q|: H — H is an isomorphism.
Take the short exact sequence

Ker(q) — G -1 H

Define s: H — G by s(h) = h. The composition gos: H — H is given by gos(h) = h"
which is an isomorphism by Lemma 16.6. Using Corollary 16.4 we obtain that
G = Ker(q) x H.
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We have |H| - |Ker(q)| = |G| = p"m. By Corollary 15.8, |H| is a power of p. Also,
since Ker(q) = {g € G | g™}, thus the order of every element of Ker(q) divides
m. This implies that Ker(qg) does not contain any elements of order p. By Cauchy
Theorem 15.6, we obtain that |Ker(q)| is not divisible by p. Therefore |H| = p" and

|Ker(q)| = m. O
Corollary 16.7
If G is a finite abelian group and |G| = pi'p% - ... pi* where py, pa, ..., pk are

distinct primes then
G=G1><Gz><...><Gk

where |G| = p}'.

Proof. We use induction with respect to the number of distinct primes k. If kK =1
then |G| = pJ', so we take Gi = G.

Assume that the statement is true for all abelian groups whose order is a product of
powers of k distinct primes, and let GG be a group such that

r n Fk4+1

Gl = pi'pS - PP
where pq, ..., pPk+1 are distinct primes. By Theorem 16.5 we get G = G7 x H where
|Gy = p and |H| = p%-...-ppish By the inductive assumption, H = Gox ... x Gy
where |G;| = p}’. This gives

CEGxHZEG xGx...%x Gig
[

Theorem 16.8

If G is an abelian group such that |G| = p” for some prime p then G is a direct
product of cyclic groups:

G;Zp/q XZkaX...XZpkm

for some kq, ko, . .., K.

Idea of Proof. Use induction with respect to the order of the group G. Let p” be the
largest order of an element in G, and let a € G be an element such that |a| = p".
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One can show that there exists a short exact sequence
K565z,

such that g(a) = 1 € Z,r. Take the homomorphism s: Z,  — G given by s(k) = a.
Since g o s(k) = k for all k € Z”", by Theorem 16.3 we obtain that G = Lpr x K.
By the inductive assumption we get that K is a direct product of cyclic groups,
K = Zy X ... X L, which gives G = Zyr X (Zpgy X ... X Lipia). ]

Proof of Theorem 16.1. It follows from Corollary 16.7 and Theorem 16.8. [
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