MTH 419 10. Permutation groups

Definition 10.1

A permutation of a set A is a function f: A — A which is a bijection.

Note. For every permutation f we have the inverse function f~' such that fof~'(x) = x
and f~1o f(x) = x for all x € A.

Definition 10.2

Let A be a set. The permutation group of A is a group S(A) defined as follows:
e Elements of S(A): permutations f: A — A.
e Group operation: composition of functions g o f.
e The identity element: the function €: A — A, g(x) = x for all x € A.
e The inverse of f: the inverse permutation '
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Definition 10.3

For n > 1 the group S, is the group of permutations of the set A= {1,2,...,n}.
This group is called the symmetric group on n letters.

Matrix notation of permutations:

Composition:

Theorem 10.4

For any n > 1 we have |S,| = n!
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Dihedral groups and permutation groups

Let P, be a regular polygon with n vertices. Label the vertices with numbers
1,2,...,n. Since every symmetry of P, sends vertices to vertices, it defines a certain
permutation of vertices:

)

I
| —|
— —
BN
w W
N B
| S|

Since composition of symmetries corresponds to composition of permutations of vertices,
we can identify the dihedral group D, with a subgroup of the group of permutations
S,. Note that not every permutation in S, comes from a symmetry of P,. E.q.:

[1234
=112 43

S - B
123] [123]_[123
21 3[°|132[7]231]
B a P
123] [123]_[123
| 132[°]213[7]31 2]
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Definition 10.5

Llet € S, and let i € {1,...,n}. We will say that a moves i if a(i) # i. If
a(i) = i we will say that «a fixes i.

Example. The permutation

| —
N —
NN}
w W
- N
IS

moves 1, 2 and 4, and fixes 3.

Definition 10.6

We will say that permutations a, B € S, are disjoint if there isnoi € {1,...,n}.
which is moved by both a and B.

Example.

Y a0 N B
1@ >0 1 10\ /0’]
Qe o) 20 >e?)

~
3e < > 03 30/ o3
4.72\04 4e -0
5e ™ e5 5e >0h
N
12 3 45 12 3 45
14 35 2 32145

Theorem 10.7

If a, B € S, are disjoint permutations then

aof =Ppoa

Moreover,
a(i) if i is moved by «a
aoB(i) =4 B(i) ifiis moved by B
i otherwise
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Proof. Assume that i € {1, ..., n} is an element moved by a. Then a also moves a(i).
It follows that both i and «af(i) are fixed by B, so we have

Boali) = ali) = ao B(i)
By the same argument, if i is moved by B then
a o B(i) = B(i) = Bo ali)
Finally, it both @ and B fix i then
aoB(i)=i= Boali
O

Definition 10.8

A permutation a € S, is a cycle of length r (or r-cycle) if there are distinct
elements iy,i,...i, € {1,2,...,n} such that
O’(i1) = iz, O{(iz) = 1'3, ()’(ir_1) = ir, ()’([r) = i1
and «a fixes all other elements of {1,..., n}.
Example.
123456
““1326415
/N
5

Cycle notation. A permutation o such that
ali1) =iy, alix)=1i3, ... alir—)=1i, ali;) =i
and which fixes all other elements is denoted by (i1, i2, ..., ;).
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Example.

123456
[3 26 4 1 5]=(1,3,5.6)=(3,5,6,1)=(5,6,1,3):(6,1,3,5)

Theorem 10.9

Every permutation in S, is either a cycle or a product of disjoint cycles.

Example.

1234567 8

[38621574
1 2 7

YO

Let a € S, and let ip € {1,..., n} be an element moved by a. Then:
1) There exists r > 1 such that a'(ip) = io
2) If r > 1 is the smallest integer satisfying o'(ip) = ip then all elements

=(1,3,6,5)0(2,8,4)0(7)=(1,3,6,5)0(2,8,4)

|

Lemma 10.10

io, a(io), @*(io), . .., a" (ip)

are distinct.

Proof. Consider the sequence
io = (i), a'(ip), a*(io), ..

Since all elements of this sequence come from the finite set {1,..., n}, there must
an integer r > 1 such that the elements iy, a(ig), a*(ig), ..., a"'(ig) are distinct and
a’(ig) is equal to one of the previous elements. We will show that a'(ip) = ip. Indeed,
otherwise a'(ig) = a*(ig) for some 1 < k < r. This gives

a(a"(ip)) = a(a*(io))
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and since a is a 1-1 function, we obtain

r—1( k—1(

a’(ip) = o (io)
This contradicts the assumption that the elements ig, a(ig), ..., a" (i) are distinct.
[

Proof of Theorem 10.9. Let a € S,. We will argue that a can be written as a product
of cycles by induction with respect to the number k of elements of {1,...,n} moved
by k. If kK =0 then o fixes all elements, so it is the identity permutation, which is a
1-cycle.

Assume then that all permutations moving k or fewer elements can be written as a
product of disjoint cycles and that @ moves k + 1 elements. Let ip € {1,...,n} be
an element moved by a. By Lemma 10.10 there is r > 1 such that the elements

io, alio), a*(io), ..., "' (io)
are all distinct and a'(ig) = ig. Denote for k =1,...,r—1 denote iy = a*(ig). Notice
that a(ix) = ixsq1 for k < r—1and a(i,—1) = ip. Let B € S, be a permutation defined
as follows:

, i if i e {io,..., -1}
Bli)=1q . . '
a(i) otherwise
Notice that the cycle (ip, i1,...,i,—1) and B are disjoint permutations. Thus, we can
use Theorem 10.7 to show that a = (ip, i1,...,i,—1) o B. Then, since B moves fewer

elements than a, by the inductive assumption we can write B as a product of disjoint
cycles:

B=vio--oyn

Therefore we obtain a decomposition of a into a product of disjoint cycles:

a = (ip,i1,...,i,—1)oy10---0yp
O]
Recall that the least common multiple of integers nq1,ny, ..., ng > 1 is the smallest
positive integer lcm(ny, ..., ng) which is divisible by each of these numbers.
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Theorem 10.11

Assume that a permutation o € S, has a decomposition into disjoint cycles
aQ=Yy100Vpn
where y; is a cycle of length r; > 1. Then the order of a is given by

la| = lem(ry, r2, ...\ 1)

Proof. First, notice that if y is an r-cycle then |y| = r. Let

Q=Yy10---0V¥n

where y; is an ri-cycle, and let p = lem(rq, ..., rp). By Theorem 10.7 disjoint cycles
commute, so
ap:(y,lo...oym)p: yfo...oyﬁ):g

where € is the identity permutation. By Theorem 6.3 we obtain that |a| divides p.

Next, we claim that yl!a|
|l

moved by y;

L

= ¢ for each i. Indeed, since the cycles are disjoint, elements
|a]

are fixed by yj|-a| for all j # i, so if y;

. moves some element, then the

same element is moved by y1|a| 0---0 y,',?'. This however cannot happen because

yJ]a|O"'Oyr|)?|:(y1o...oym)|a|:a/|a|:6

In this way we obtained that r; divides |a| for i = 1,..., m, and so p divides |a|.
Therefore |a| = p.

[]

Exercise. Compute the order of the following permutation in Sg:
12345678
38621574

Exercise. Find all possible orders of elements of Ss.

Exercise. Compute the number of permutations of order 10 in Sg.

Exercise. Compute the number of permutations of order 3 in 5.
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Definition 10.12

A transposition in S, is a cycle (i, i) of length 2.

Theorem 10.13

Every permutation in S, can be written as a product of transpositions.

Proof. By Theorem 10.9 every permutation is product of cycles, so it is enough to
show that every cycle can be written as a product of transpositions. This is true, since
if (ir, 02, ..., i) is a cycle in S, then

(11112 ----- lr):(urlr)o(l'l:lr—‘l)o0(11112)

[

Note. A permutation can be written as a product of cycles in many different ways:

1234]
231 4|~

= (1,3)o(1,2)
= (2,3)o(1,3)
= (1,3)o(4,2)o(1,2)0 (1,4
= (2,4)0(1,2)0(2,3)0(1,4)

Theorem 10.14

Let a € S, and let
a=BioBro-of

be a decomposition of « into a product of transpositions.

o If the number r is even, then every other decomposition of a into transpositions
consists of an even number of transpositions.

e If r is odd, then every other decomposition of « into transpositions consists of
an odd number of transpositions.
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Lemma 10.15

Let B, ..., B; be transpositions in S, such that

BioBro--oB =¢

where ¢ is the identity permutation. Then r is an even number.

Proof. We will prove by induction with respect to k the following statement:
Forany k > 2, if BioBro---0oB, =€ and r < k then r is an even number.

If kK = 2 this holds, since the only way to write € as a product of 1 or 2 transpositions
is Bo B!, which uses 2 transpositions.

For the inductive step, assume then that the statement holds for some k. We need
to show that it also holds for kK + 1. Let then By, ..., B; be transpositions such that
r<k+1and

310320"'03r:5 (*)

Assume that one of the transpositions B; is of the form (a, b) for some a, b € {1, ..., n}.
One can check that the following identities hold:

e (a,b)o(c,d)=(c,d)o(a,b)
e (a,b)o(b,c)=(b,c)o(a,c)

Here a, b, ¢, d are distinct elements of the set {1,..., n}. These identities say that
when multiplying transpositions, we can move the transposition involving a toward
the right side without changing the number of transpositions. Using this observation,
we can rewrite the equation (x) as follows:

y1o...oyr_ko(a,b1)0(a,b2)o...O(G,bk):C (**)

where yq, ..., y,_, are transpositions that do not involve a. If by # b; for i = 2, .. .k,
then the permutation on the left hand side of the equation (x*) would send by to a,
which is impossible. This means that there is i > 1 such that by # by, ..., b;_4 and
by = b;. We will need one more identity:

e (a,b)o(a,c)= (b, c)o(a,b) for distinct elements a, b, c.

Using this identity, we can bring the equation (%) to the following form:

Y10...0¥,—ko(b1,b2)o...0o(b1,bi—1)o(a,by)o(a,b)o(a,bitq1)o...0(a,b,) =¢
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Since by = b; we have (a, by) o (a, b;) = €, and the above equation becomes
Yio...oy,—ko(by,by)o...0o(by,bi—1)o(a,biyq)o...0(a,b,) =¢

This expresses € as a product of r — 2 transpositions. Since r < k+1, thus r—2 < k,
and so, by the inductive assumption, r — 2 must be an even number. Therefore r is an
even as well. []

Proof of Theorem 10.714. Assume that a permutation o can be written as a product of
transpositions in two different wauys:

a=BioBro---op,

A =y10y20---0Ys

Then we have

g:O(OO(_1

=(BioBro---0B)o(yioy0--oys"
=(B1oBao--0B)ol(y; oy o oy
= (B1oBro---0B;)o(Ys0ys_10---0y1)

This means that € is a product of r 4+ s transpositions. Since by Lemma 10.15, r + s is
an even number, thus either both r and s are even numbers or they are both odd. [

Definition 10.16

A permutation a € S, is even if it can be written as a product of even number of
transpositions and it is odd if it can be written as a product of an odd number of
tranpositions.

Theorem 10.17

The subset of S, consisting of all even permutations is a subgroup of S,.

Definition 10.18

The subgroup of S, consisting of even permutations is called an alternating group
on n letters and it is denoted by A,
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Theorem 10.19

For n > 2 the alternating group A, has order ”7'

Proof. Let B, be the set of all odd permutations in S,. Since |S,| = n!, it is enough
to show that |A,| = |B,]|, .e. that there exists a bijection f: A, — B,. Such bijection
can be defined by f(a) = (1,2) o a. []

Definition 10.20

The sign of a permutation a € S, is defined as follows:

) = +1 if ais even
J | =1 ifais odd

Note. Recall that for a square matrix A we can compute its determinant det A. The
determinant can be defined using permutations and their signs as follows. For a
matrix

a1 ... 01,
A=
an1 Un,n
we set
detA = Z sign(a) - a1,q4(1) - 2,4(2) an,a(n)
aeS,
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